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Abstract 

Let G be a graph with order n and let g, f : V{G) N such that g{v) < f{v) for aU 
V G V{G). We say that G has all fractional {g, /)-factors if G has a fractional p- factor 
for every p : V{G) N such that g{v) < p{v) < f{v) for every v G V{G). Let a < b 
be two positive integers. If g = a, / = 6 and G has all fractional (g, /)-factors, then we 
say that G has all fractional [a, 6]-factors. Suppose that n is sufficiently large for a and 
b. 

This paper contains two results on the existence of all {g, /)-factors of graphs. First, 
we derive from Anstee's fractional (g, /)-factor theorem a similar characterization for 
the property of all fractional {g, /)-factors. Second, we show that G has all fractional 
[a, 6] -factors if the minimum degree is at least -^{{a + b — 1)^ + Ab) and every pair 
of nonadjacent vertices has cardinality of the neighborhood union at least bn/{a + b). 
These lower bounds are sharp. 



1 Introduction 

We consider finite undirected graphs without loops or multiple edges. Let G be a graph with 
vertex set V{G) and edge set E{G). For x G V{G), we denote by dcix) the degree of x in G 
and by Nq{x) the set of vertices adjacent to x in G. We write A'^c'is;] for Ng{x) U {x}. The 
minimum degree and the maximum degree of G are denoted by 6{G) and A(G), respectively. 
For a subset S C V{G), let Ng(S) denote the union of Ng(x) for every x £ S and G[S] is 
the subgraph of G induced by S. We write G - 5 for G[V{G) \ S] and f{U) for ^^^^ f{u). 
For M C E{G), let G[M] denote the subgraph of G induced by M. For two disjoint vertex 
subsets A and B of G, the number of edges joining ^ to i? is denoted by eG{A,B). For a 



*This work was supported by the National Natural Science Foundation of China No. 11101329 and the 
Fundamental Research Funds for the Central Universities, 
t Corresponding email: luhongliang215@sina.com (H. Lu) 



1 



vertex x € V{G) and an edge e G E{G), we write x ~ e if x is incident with e. The join 
G + H denotes the graph with vertex set V{G) U V{H) and edge set 



E{G + H) = E{G) U E{H) \J {xy \ x e V{G) and y € V{H)}. 

Let (7 and / be two integer-valued functions defined on V{G) such that < g{x) < 
f{x) for ah X € y{G). A {g, f)-factor of G is a spanning subgraph F of G satisfying 
g{x) < dpix) < f{x) for all x € V{G). Let a < b he two integers. A /)-factor is 
called an [a,b]-factor if (/(x) = a and /(x) = 6. Let h : E{G) — t- [0,1] be a function. If 
g{x) < Ylx'-^e ^(^) — /(^) holds for any vertex x G ^(G*), then we call graph F with vertex 
set V{G) and edge set a fractional (g, f)-factor of G with indicator function /i, where 
Eh = {e e E{G) I /i(e) > 0}. If f{v) = g{v) for ah v E F(G), then a fractional (5, /)-factor 
is called fractional f -factor. If h{e) € {0,1} for every edge e G E{G), then F is just a 
(5, /)-factor of G. Clearly, if G contains a (5, /)-factor, then it also contains a fractional 
(5, /)-factor. 

Lovasz [6J gave a characterization of graphs having a /)-factor. More generally, one 
could consider the existence of p-factors, where p : V{G) — )• is a function such that 
g{v) < p{v) < f{v) for every v € ^(G) and piV) = (mod 2). We say that G has all 
(g, f)-f actors if G has a p-factor for every p described above. Kano and Tokushige [3] gave 
a sufficient condition for a graph to have all {g, /)-factors in terms of the minimum degree. 
Niessen ^ obtained a necessary and sufficient condition for a graph to have all {g, /)-factors. 

Theorem 1.1 (Kano and Tokushige, [5]) Let G he a connected graph of order n, a and 
b be integers such that 1 < a < b and f : V{G) — )■ {a, a + 1, ... ,6}. Suppose that n > 
{a + hf/a and f{V{G)) = (mod 2). If 5{G) > ^f^, then G contains an f -factor. 

Theorem 1.2 (Niessen, [8j) A graph G has all {g, f)-factors if and only if 



g{S) - f{T) + ^dGMx) - qUS,T,g, f) > < 



-1, if f^g, 
0, iff = g. 



for all disjoint sets S,T CV, where Qq^S^T, g, f) denotes the number of components G of 
G — {S UT) such that there exists a vertex v G V{G) with g{v) < f{v) or eG(y{G),T) + 
fiViG)) = 1 (mod 2). 

Anstee pQ gave the following necessary and sufficient condition for a graph to have a 
fractional {g, /)-factor. 
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Theorem 1.3 (Anstee, [Ij) Let G he a graph and g,f : V{G) — > be two integer 
functions such that g{v) < f{v) for all v G V{G). Then G has a fractional {g,f)-factor if 
and only if for any subset S C V{G), we have 

f{S)-g{T) + Y.dG-s{v)>0, 

where T = {v \ v G V{G) — S and dc^siv) < div)}- 

More naturally, we consider a similar property of graphs having all {g, /)-factors. Let 
q be an integer- valued function defined on G such that g{v) < q{v) < f{v) for every 
V G ViG). We say that G has all fractional {g, f)-factors if G has a fractional g-factor for 
every q described above, li g = a, f = b and G has all fractional {g, /)-factors, then we say 
that G has all fractional [a,b]-factors. 

The following result is obtained by Zhang |10| . 

Theorem 1.4 (Zhang, [10]) If G has a fractional {g, f)-factor, then it must have a frac- 
tional {g, f)-factor F with indicator function h such that h{e) G {0,1/2,1} for every edge 
e G E{G). 

Let G* be a graph obtained from G by replacing every edge by two multiple edges. By 
Theorem 1 1.41 G has a fractional /-factor if and only if G* has a (2/)-factor. Hence G has all 
fractional {g, /)-factors if and only if G* has a (2p)-factor, for every integer-valued function 
p defined G which satisfies g{v) < p{v) < f{v) for all v G y{G). 

In this paper, we first give a necessary and sufficient condition for a graph to have all 
fractional (^f, /)-factors. 

Theorem 1.5 Let G he a graph and g,f : V{G) he two integer functions such that 

g{x) < f{x) for all X G V{G). Then G has all fractional {g, f)-factors if and only if for any 
subset S C V{G), we have 

giS)-fiT) + Y.dG-six)>0 

where T = {v \ v G V{G) — S and dc-siv) < f{v)}. 

If g = a and f = b, then by Theorem 11.51 we obtain the following result. 

Corollary 1.6 Let G he a graph and a < b be two positive integers. Then G has all 
fractional [a,b]-factors if and only if for any subset S C V{G), we have 

a\S\-b\T\ + Y.dG-six)>0, 

where T = {v \ v G V{G) — S and dc-si^) < b}. 
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By Corollary 11.61 we obtain a sufficient condition for a graph to have all fractional [a, b]- 
factors, which is closely related with Theorem II .![ 

Theorem 1.7 Let a < b be two positive integers. Let G be a graph with order n > 2(a + 
b){a + b-l)/a and minimum degree 6 (G) > ^{{a + b-lf + Ab). If \Ng{u)U Ng{v)\ > ^ 
for any two nonadjacent vertices u and v in G, then G has all fractional [a, b]- factors. 



2 The proof of Theorems 11.51 and 11.7 



Proof of Theorem 11.51 We first prove the sufficiency. Let h : V{G) — ?> be an arbitrary 
integer function such that g{v) < h{v) < f{v) for every v G V{G). For any S C V{G), let 
T = {v \ v e V{G) - S and dcsiv) < f{v)} and T' = {x \ x e V{G) - S and dcsix) < 
h{x)}, we have 

h{S) - h{T') + dcsiv) > giS) - f{T) + dcsiv) > 0. 

v£T' veT 

By Theorem 11.31 G has a fractional /i- factor. 

Now we prove the necessary. Conversely, suppose that there exists S C V{G) such that 

g(S)-fiT) + Y^dGsix)<0, 

where T = {v \ v ^ ^(G) — S and dc-siv) < f{v)}. Let h{v) = g{v) for all v € S, 
h{u) = f{u) for all u G V{G) — S. Then we have 

Q>g{S)-f{T) + Y,dcs{x) 
= h{S)-h{T) + Y.dGs{x). 

So, G contains no fractional /i-factors by Theorem 11.31 ^ contradiction. This completes the 
proof. □ 

Proof of Theorem 11.71 Suppose that the result doesn't hold. By Corollary 11.61 there 
exists S C V{G) such that 

a\S\-b\T\ + Y,dcs{x)<Q, (1) 

where T = {v \ v ^ ^{G) — S and dc-siv) < b}. Let s = \S\ and t = \T\. Note that 
|r| 7^ 0, otherwise, 

a\S\ - 6|0| + dcsix) = a\S\ > 0, 
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contradicting to ([T]). For a vertex x € T, we write Nx{x) = Nq{x) n T and Nt[x] = 
{NG{x)nT)U{x}. 

Now we define 

hi = mm{dG-s{v) \ v gT}. 

And let xi be a vertex in T satisfying dc-sixi) = hi. Further, if T — A''t[xi] ^ 0, we define 

/i2 = inm{dG~s{v) \ V £T ~ Nt[xi]}, 

and let X2 be a vertex in T — Nt[xi] satisfying dG-s{x2) = ^2- Then we have hi < h2 < b — 1 
and |A^g(2;i) U Ng{x2)\ <s + hi + h2. 

Now in order to prove the correctness of the theorem, we will deduce some contradictions 
according to the following two cases. 

Case 1. T = Nt[xi]. 

Since 6{G) > ^((a + b - i f + 46), t < /ii + 1 < 6 and /ii + s > d^xi) > 6{G), by ^ 
and the definition of hi, we have 

0>as-bt + ^ dG^s{x) + 1 

>as-bt + hit + l 

> a{6{G)-hi) - {b-hi)t + l 

> a{6{G) - hi) - (6 - hi){hi + 1) + 1 
= hl-{a + b- l)hi + a6{G) -6+1 

a contradiction. 



Case 2. T - Nrixij^iD. 

Let W = G — S — T and tt; be the number of components of W. Then w < n — s — t. 
Let p = |A'^r[xi]|, then hi > p — 1- And by T — Nt[xi] ^ 0, we have t > p + 1. Since 
< w < n — s — t, hi — h2 < 0, b — h2 > 1, and ([T|), we have 

{n - s -t){b - h2) > as - bt + dc-six) + 1 

> as — bt + hip + /i2 (t — p) + 1 

= as + (/ii - h2)p + (/i2 - 6)t + 1 

>as + {hi - h2){hi + 1) + {h2 - b)t + L 



Hence, 

(n -s){b- /12) >as + {hi - /i2)(/ii + 1) + 1. 
Then it follows from the inequality above that 

n{b -h2)-{a + b- h2)s + {h2 - hi){hi + 1) - 1 > 0. (2) 

Since two vertices xi and X2 are not adjacent, by the condition of the theorem, the 
following inequalities hold: 

bn 



a + b 

which implies 



< \Ng{xi) U Ng{x2)\ <hi + h2 + s, 



s>^^-{hi + h2). (3) 



Using ^ and (l3|), hi < h2 < b — 1, and n > 2{a + 6)(a + b — l)/a, we obtain 
< n(6 - /12) - (a + 6 - /i2)s + (/i2 - hi){hi + 1) - 1 

hff 

< n{b -h2)-{a + b- h2){ - {hi + h2)) + {h2 - hi){hi + 1) - 1 

a + b 

- +{a + b+ l)/i2 -hl + {a + b- l)hi -hi -I 



a + b 



< ""'^^ +{a + b+ l)hi -hl + {a + b- l)hi - hi -I 
a + b 

-anhi , ^ 2 



a + b 



+ 2{a + b)hi -2hf-l 



< 2hi - 2hl-l< -1, 

also a contradiction. This last contradiction completes our proof. □ 
Remark: In Theorem 11.71 the bound in the assumption 

bfi 

\Ng{u) U Ng{v)\ > —— 
a + b 

is best possible. We can show this by constructing a graph G = K^m + {am + l)Ki, where 
m is any positive integer. In this graph G, there exist two nonadjacent vertices u and v 
which degrees are equal to the minimum degree of value bm. Obviously, we know 

bn b(am + bm + l) , ,^rr^ i,r . m bn 

- ^ ^ >bm=\NGiu)UNG{v)\> ^—-1. 



a+b a+b a+b 

Let h : V{G) — )• such that h{u) = a for all u G V{Kiym) and h{v) = b for all v € 
V{G) - V{K^). Then we have 

a\S\ - b\T\ + dG-s{x) = a\S\ - b\T\ < 0, 



where 5 = V{Ki,m) and T = V{G) — V{Ki,m)- So by Theorem 11.51 graph G contains no 
fractional /i- factors. 

In the following, we show that the bound on minimum degree in Theorem 11.71 is also 
best possible. Let 1 < a < 6 be two integers such that a + b is odd and r be a sufficient 
large integer. Let m be the maximum integer such that m < + 6 — 1)^ +46) — ("+^~^) ^ 
Let G = Km + {KrU K(^a+b+i)/2)- Then we have 5(G) =m + ^^±|^ < ^((a + 6 - 1)^ + 46) 
and \Ng{x) U NG{y)\ > for any two nonadjacent vertices. Let h : V{G) be 
an integer-valued function such that h{u) = a for all u € V{Km) and h{v) = b for all 
V € y{G) — V{Km)- Similarly, by Theorem II. 6^ it is easy to see that this graph G contains 
no fractional /i- factors. 
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